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ABSTRACT

We show the simplest derivation of the Kalman filter, especially, derive the so-called
measurement update equation, base on the several easy mathematical concepts such as,
conditional expectation, Gaussian conditional probability density function, completing
the square, and the matrix inversion lemma.

1 Kalman filter - introduction

The Kalman filter [1]-[5], is the minimum mean square error (minimum error covariance)

filter based on the measurement Y := {yo, 91, -, y:} to estimate the state x; as follows:
T = Fuoy+ Gy, t=0,1,--- (State equation), z;: (n x 1), (1)

E[Xo] =Xo = >A<0|—17 Val"[Xo] =2 = E0|—17 (2>

vy = Huxy+v, t=0,1--- (Measurement equation), y;:(mx1), (3)

where w; and v; are mutually independent Gaussian white noise such as

E[wt] = 0, E[wtwr] = Q¢0¢—r, (4>
Elw] = 0, E[wv,] = R, (where d; is the Kronecker's § — function). (5)

It is well known the minimum error variance estimate of z; based on the measurement Y
is:

argn%itnE[ ||, — 24| |? ‘Yt} = E[.:z:t ’ Yt}. (6)

Namely the minimum variance estimate is the conditional expectation of x; based on the
given mesurements Y.

2 CPDF and completing the square

For obtaining the conditiona expectation of x;, the evaluation of the conditional proba-
bility density function (CPDF) of z; is most important.
Then let us consider the following relations of CPDF":
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where
p(Y*)

p(Y?)
Then, due to the Gaussian property, we will evaluate p(y|z;)p(z¢|Y*™!) as the following
formulas:
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[z — iﬂt|t71]TZat1_1[m - iﬂt|t71]}

exp{ — sly — Har "Ry — Hrl}. (9

Therefore the power term in (8) can be expressed by

1 . _ . _
J(xt) = —2{[1} - $t|t71]th|t1_1[5Ut - xtltfl] + [yt - Ht-Tt]TRt 1[3/1& - Htxt]}
1
= —2{:13TZ_1$ — ety -ty e + 2T
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where
Jo(,%,y) = -+ H R (X + H'RH) (X7 + H'R ™ y)
+218 12 + yTR . (10)

Therefore we have

plaY') = Ko(Y)p(yelw)plaY')
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(27T)n/2+m/2|Zt|t—1|1/2|Rt|1/2 exp{J(iUt)}

. 1 . _ .
= K(Yta Ttt—1, Et|t71) eXp{—§($t - iUt\t)TEt‘tl (fft - $t|t)}, (11)



where

i't|t = (Et_|t1—1 + HER;lHt)_l(EJtl_li't‘t_l + HER;lyt), (12)
Zt|t = (Zatlfl + HER;lHt)il, (13)
X 1 .
K(th Lt|t—1, Z3t|1t—1) = K0<Yt) (27T>n/2+m/2|2t|t—1|1/2|Rt|1/2 eXp{_§JO<xt\t—17 ilt-1, i)}

Upto now, we only apply the mathematical technique of completing the square to the
power term in (8) so that we have the relations of (12) and (13). Then we will show the
popular measurement update equation of the Kalman filter from the relation (12) and

(13).

3 The measurement update equation

Applying the matrix inversion lemma:
(A7 +B'CB)™' = A— ABY(BAB* +C7Y)'BA,
to (13), we have
(Chiy + HIRTTH) ™Y = Sy = Sy B (H g1 HY 4 R) T H Sy (14)

Therefore, from (12) and (13) we have the well-known measurement updating equations
in the Kalman filter:

S = (B + H RUH,) T
= Myjp—1 — Et|t71HE(Ht2t\t71HE =+ Rt)_lHtZt\t—la (15)

B = (g + HIRH) TN (S, dge + H R )
= [Zt\t—l - Et|t—1HE(Ht2t|t—1H? + Rt)_lHtZﬂt—l} (Eﬁtl_lfﬁﬂt—l + H' R 'y)
= Typ—1+ Zt|t—1H;PR;1yt — Et|t—1HE(HtZt\t—1HE + Rt)ilHtiﬂt—l
_Et|t71HE(HtZt\t71HE + Rt)_lHtEt\tletTRt_lyt
= Typ—1 + Zt\t—lHE(HtEﬂt—lHE +R)7!
X [(HtxﬂtletT + Rt)Rt_lyt - Htjjt|t71 - thﬁtl_lHtTRt_lyt}
= Typ—1+ Eth‘letT(HtEﬂtletT + R) My — HyZy—1)

= i’t\t—l + Kt(yt — Httf:t|t—1) (16)
Ky =Yy H (H,Sy1 H + R)™",  (Kalman gain) (17)
vy =y — HyZyp—1  (Innovation process of ). (18)

The time-update equation
The time-update equation is easily obtained from the state equation in (1):

Ty = Py + Gy, (19)



where {w;}, t =0, - are Gaussin white noises in (4),
Taking the conditional expectation to both sides in (1) , we have
Z)A’Jt_|_1|t = E[ZL’t+1|Yt] = E[Ftl’t + Gtwt|Yt]
= FtE[.Tt‘Yt], (20)

where w; is an independent (uncorrelated) random variable to Y such that E[w|Y"] =
E[w,;] = 0. Therefore

ii't+1|t = Ftiﬂt- (21)
Also from (1) and (21)
T — Tppp = Fy(we — Top) + Grwy, (22)
we have
,_ . . T
Y = E{(ﬂftﬂ - SCt+1|t)(l’t+1 - $t+1\t) }
= E{(B(xt — &) + Grwy) (Fy(wp — Type) + Gtwt)T}
= tht\tFtT + GtQtG;P~ (23)

Finally, we have the Kalman Filter, described by Egs. (21), (16), (23) and (15) with the
intial conditions in Eq. (2). Namely,

e Filtering and prediction estimates:
T = Fidyy, (24)
Ty = Typo1 + K[y — HiZyp—a), t=0,1,--- (25)
e Kalman gain:
K, = Sy H'(HXSuH +R)™ =01, (26)
e Estimated error covariances:
S = FSpF + GGl (27)
Sipp = Ugp—1 — K H Xy, t=0,1,--- (28)
e Initial coditions:
Elxo] = 2o = Zo-1, (29)
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EO - EQ|_1. (30)
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